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28 DEE (An Introduction to Probabilistic

Modeling)
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» Personal Info
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* Properties of probability models and probability
density models
* Parameter estimation
* Inference
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Probabilistic Assumption and Bayes Classification

* Bayes Error
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Data space
N
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Hanyang University 4 N |_l§r Advanced Application
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Generative vs. Discriminative (1/2)

* Generative Learning
» Interested in joint probability

p(x,y) Bl Px[2)
ﬁ(y) ﬁ(x\y) - Apply class
conditional
* Prediction model
» Bayes Rule

AN

1) = i) = PP

S—

Fé l‘l&s ! Advanced Application
KRy~ for Intelligence Systems
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Hanyang University 5

Generative vs. Discriminative (2/2)

* Discriminative learning
» “NOT” interested in joint probability

 Conditional probability learning

h(x) = ply/x)

* Learn prediction function by minimizing the
empirical loss function

h(x) = D, h
(x) = arg min (D, h)

V. N. Vapnik (1998) Statistical learning theory, John Wiley & Sons
Also refer to NIPS 2009 workshop -- Generative / D|scr|m|nat|ve Interface

Py _ ] Advanced Application
W €L I
N\ Hanyang University 6 rIFM) for Intelligence Systems
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Learn Density Function from Data

* Make a model with learning parameters

* Statistically obtain parameter values using ML or MAP
estimation

* In Gaussian,

ﬂT\:NZX_,u

/‘\

covariance = ~ »_.(x; — p)(x; — p)t' = >

are the results of ML estimation.

\

\?‘

Hanyang University 7

1‘ I \S! Advanced Application
for Intelligence Systems

For Two Gaussian Data (1/2)

Pi(x) = N(fir, =)
P2 (x) ~ N (fia, o)

~ ~ ]/7\2 (X>
pi(x) 2 p(x) & =< 21
p1(x)
1 1 ~ \T3—1 ~
exp [ —5(x — Yo (x — )
Var? S,/ p( (X = H2)"Zy (x — fio) -
1 1 ~ -1 ~
B QR )
(&) Hanyang niversity 8 AL e




For Two Gaussian Data (2/2)

* With a Homoscedastic Assumption

N

ilzigEE

1 s - 1 TS ~
oxp (0= ) 0x = i) + 5= ) 0 - ) ) 2 1

The problem reduces to
exp(wix —b) =1
w = 3" (2 — 1)
b= iy X iy — fi] X7 [
—> Fisher Discriminant Analysis

)

7 ¢ Advanced Application
A LS

g or Intelligence Systems

.
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Hanyang University 9

In Terms of the Posterior

P1

P1 + D2
1 1

T 14p/pr 1+ exp(wix —b)

p(y = 1|x,w,b) =

ply =2lx,w,b) =1 —p(y = 1|x)
~ exp(w'x — D)
1+ exp(wlx —b)

=

T T 49~ —
(=) Hanyang University 10 ,-I_bj‘il —lﬂsr Advanced Application

for Intelligence Systems




Logistic Regression

e Starts from the posterior
1

1 +exp(wix — b)

p(y = 1|x,w,b) =

exp(wlx — b)
1 +exp(wix — b)

ply =2|x,w,b) =

w,b = argmagclnp(y|X, w, b)
W v
Z Iy, = 1) Inp(y, = 1|x,,w,b)

" +1(y, = 2) Inp(y, = 2|x,,w,b)

Use gradient ascent =» Local maxima

S—
S [ 7 <1 Advanced Application
) i i ANZ

Hanyang University 11 f&@ for Intelligence Systems

FDA and Logistic Regression

* Have the same discriminative form (Linear
Classifier)
wix—b=0

* FDA solution: Bayes classifier with class-conditional
model

* Logistic regression: Discriminative adaptation of a
discriminative function

e Question: Are the results the same or not?

P —
SR L ‘I ¢ Advanced Application
jodg ' i INE

Hanyang University 12 fh@ for Intelligence Systems




FDA and Logistic Regression

e Are the results the same or not?

WEDA WLR

ng >
IRR ° i x
fefie ™ °® iy
. ®e . % °ceo!
5~:,'i */Y" ‘O :x
/ ' Blxly = 27, 5) L

_1 N AN _ .
Wrpa = 2 (i — H2) Win = argm‘sXP(y|X, W)
[ | B
. . Y ¢ Advanced Application
Hanyang University 13 fl_b‘i—l—é& for Intelligence Systems

Comparative Study (1/2)

* Generative & Discriminative Pair
e Same number of parameters, same form of h(x)

Risk
upper
bound

Hybrid? |

Logistic regression

(discriminative)

Naive Bayes

‘qgenerative)

S. Lacoste-Julien et al. (2009) The generative and discriminative learning interface, NIPS Workshop
A.Y.Ng & M. |. Jordan (2001) On discriminative vs. generative classifiers: a comparison of

O(D

logistic regression and naive Bayes, NIPS

sample size

=

Hanyang University

14

Advanced Application
for Intelligence Systems
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Comparative Study (2/2)

 Discriminative analog of naive Bayes is logistic regression

* The error er7(fpisc(X)) converges to err(fpise,00(X)),
and err(fpisc,00(X)) is no worse than linear classitier
picked by naive Bayes.

* With O(log D) samples, the parameters of fGen are
close to those of fGen,oo Uniformly.

* The parameter convergence implies err( faen (X))

approaches err(faen,oo(X)) .

G uN/ 'A_‘
=) . . N l 1 Advanced Application
Hanyang University 15 ,I_bfg—-,sj for Intelligence Systems

LAB oF ADVANCED
APPLICATION FOR
INTELLIGENCE SYSTEMS

—
ST ! ‘l 1 Advanced Applicati
P _ _ | pplication
Hanyang University 16 I_FLQ—_—-,‘S) for Intelligence Systems




Keywords
* Probability / Probability density

* Conditional probability (density)
p(x2lx1)  P(ylx)

x; € RP1 x, e RP2 x e RPy € {1,2}

* Marginal probability (density)
* Joint probability (density)
* Inference and classification

\7"

L) Hanyang University 17

1‘ I \S! 1 Advanced Application

for Intelligence Systems

Probability
P(X):Xx = [0,1]

* Mapping from a random variable to a number

*
X(Event 1) (Event 2)
\ j X Event 3) 3/ X (FEvent N) =

X =1{1,2,3,...,N}

£ . .
L) Hanyang University 18

F 1‘18 I Advanced Application

for Intelligence Systems




Probability

X: random variable X {: set of outputs of random variables

P(Xl) = P(X - X1>
P(X1UX3) = P(X1) + P(X) — P(X1 1 X)

X, ={1,2,3,4}, Xo = {3,4,5)
P(1,2,3,4,5) = P(1,2,3,4) + P(3,4,5) — P(3,4)

P(XiUXz)=P(X1)+P(X2) " XinXo=¢

5 . . | l7 Q
s Hanyang University 19 z4§i Ny ¢

Probability=/ p(X)dX
R

SR ! ‘I ¢ Advanced Application
62 i i INe
=, Hanyang University 20 _!‘h@ for Intelligence Systems
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Probability and Probability Density

PxeR1Ux e Ry = / p(x)dx
R1UR,

= P(R1) + P(Rz) — P(R1 ﬂRQ)

Event is defined infinitesimally:
‘R: set of infinitesimal events

Hanyang University 21 L 1‘ IA

ced Application
I tellge ce Systems

Can you explain the meaning of
these functions?

P(X =1)

P(X =1]Y = 2)

plx =1) Compare with P(z = 1)?
plr =1y = 2)
J Hanyang University 22 ;{ﬁf‘l‘zéy ﬁdl te IldgApp“gizito?n

-11-




Bayes Optimal Classifier

e Our ultimate goal is not a zero error.

I >
y =1 > y=2
(Optimal) Bayes error
R = §/mln[p1(x),p2(x)]dx
Figure credit: Masashi Sugiyama P
S . . | |7Ar Advanced Application
e’ Hanyang University 23 .,'I_bfj;—-)s) for Intelligence Systems
Model on Each Class q
Pe(x), c€{1,2}

boundary

=

: Hanvand Universit 24 {ngrlﬂgr Advanced Application
yang y AAUET 57 for Intelligence Systems
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Model on Discriminative Function

% O

x" x ¥ m = B -
m B |
’Cx’tx+l.'l '.

% % "#ﬂp' -

""’.tx-.
% RP

0
T w

* Model: Assumptions on the boundary and optimize the boun
dary directly from data

e
SR i 17 ¢! Advanced Application
& )| H H et
N Hanyang University 25 25 _{‘M for Intelligence Systems

* Discriminative model

P(Y[x)

Linear discriminant models (logistic
regression, ...)

e Generative model
P(x|Y)

Gaussian models,

Fisher Discriminant Analysis
Naive-Bayes models,
Graphical models,

P —
Ty ‘ 1‘1 ! Advanced Applicati
Ll - : N pplication
Hanyang University 26 4 I_b—ﬁl—_—jSJ for Intelligence Systems
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Optimal Regression

* Minimizing mean square error

y(x) = E [y[x] Z/yp(y!X)dy

y(x)

Minimize

E[L] = / {y(x) — y}* p(x, y)dxdy

/{y Ely|x]}* p(x dx+/ {Ely|x] — y}” p(x, y)dxdy

- Minimized when y(x) = E [y|x]

\

' I Advanced Application
W ©El § I i
N Hanyang University 27 27 IF 1‘18 133257 for Intelligence Systems

Model for Regression

* Obtain regression function from data y(x;D) € H

D= {Xzayl i=1 Np(x y) y ,
* Choose a model H where the . yxD)
. . . e . ‘9 .00
following expectation is minimized: N e
function with minimum T, /Q,‘/”\‘:/ .
Ep |[{y(x; D) - Ely/x]}*]

* Minimized for y(x;D) = E [y|x]

* Bias-Variance tradeoff
{y(x; D) — Ely|x]}* = {y(x; D) — Ep[y(x; D)] + Ep[y(x; D)] — Ely|x]}*

Ep [{y(x; D) — E[y[x]}z} _»Variance » Bias”2
~ Ep [{y(x: D) — Eply(x: D)]}*| + {Eplu(oc: D)) ~ Efy/x]}’

=
A kum,. '
’ Hanyang University 28 r]b 1‘ I/RS' Advanced Application

for Intelligence Systems
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Several Rules

> P(X=X;)=1

Xi€all disjoint set

> PX=X|Z=2;)=1

X;€all disjoint set

> PX=X;|Z=2;)="

Zj\élEall disjoint set

AT [ g
£ ” ] ] ) 11 l ¢! Advanced Application
Hanyang University 29 _{‘I_FLE‘—JS) for Intelligence Systems

For More Than Two Random Variables

* For three disjoint sets X7, X5, X3 for arandom
variable X and another three disjoint sets Y7, Y5, Y3
for a random variable Y:

A4

Y X‘ X1 X2 X}//') P(X € {X1, X2}, Y e V)
- A e o ——

Y1 lpeny) PG vlpon v, PV

Y2 P(X1,Y5)| P(Xy,Ya)| P(X3,Y3) P(Y3)

Y3 |P(X1.Ys)| P(Xs, Ys)| P(X5, Y3) P(Y3)
P(X1) | P(X2) | P(X3) 1
(&) Hanyang University 30 AL e




Conditional Probability
X
Y X1 Xo | X3
Y1 [P e P )P |
Yo |P(X1.Y2)| P(Xs, V)| P(X3, Y2) P(Ys)
Y3 P(X1,Y3)| P(Xo,Y3)| P(X3,Y3) P(Y3)
P(X1) | P(Xy) | P(X3) 1
o o . P(X17Y1)
P(X = X1|Y = Yl) - P(Xl,yl) +P(X2,Y1) -I—P(Xg,Yl)
. P(Xl,Yl)
P(Y1) .
31 AL fancss rovicaton

Conditional Probability Density

p(x,2) x € RP* z ¢ RP=

p(x,2 = c)
p(x,z = c)dx

> p(XlZ:C) - f

;‘ New domain

=

41”«' Advanced Application
L

£ b for Intelligence Systems

S

. Hanyang University 32
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Conditional Probability Density

7 g‘r Advanced Application

MK

y— for Intelligence Systems

sum

‘l Sr Advanced Application

for Intelligence Systems

Hanyang University 34 }




Marginal Probability Density and Conditional Probability
Density in Machine Learning

IS

Y Joint PDF

Conditional PDF

S—

£ Y Uni it 35 ihg ‘lﬂsr Advanced Application
anyang university AUZLS” for Intelligence Systems

Marginal Probability Density and Conditional Probability
Density in Machine Learning

A

z
Joint PDF

x,Y,z2 € R

=

JLer Advanced Application

G UM/ ] ] ’ P
Hanyang University 36 ,EL{L—!—&SJ for Intelligence Systems




¢ 9Jnles4

Benefits of Using High Dimensionalities

e Feature 1 and Feature 2 have correlation

Feature 1

) Hanyang University

37

[ P 7 S Advanced Application

for Intelligence Systems

LA E A SR AL AR A & 1

Curse of Dimensionality

* To achieve the same density as N = 100 for 1-variable
* We need N = 100° for D variables

FererELYLLY Y

ss& 99999999&
xuxcvvvvvvevs
© v SNV

R SR SR SR AR SR SR SR SR S SR S

szxpcocovoccé

RO KU IIE I IR
DS
%&\‘\ \\\\\\ ‘\c \
LAt e e T

LVR &@@&&#&@&*P """
svcvccccvcvc |
yccecvcccvec |

LR Y

|

|
%

&8

&tl

|

|

* Conversely, when we have 60,000 data for 10-
dimensional space, the density is the same as 3 data in
1-dimensional space.

ffHanyang University

38

[ P lgr Advanced Application

| W

for Intelligence Systems
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Gaussian Density Function

S—

(&) Henyang niversity 39 AL et
Gaussian Random Variable
) = — (~5-mT= -
p(x) = exp| —=(x—p X — U
var|s|} 2

1

X = e RP
D Principal axes are the eigenvector directions of 3}

p(<X) = p(u) exp (—%)

A1, Aot €igenvalues

P —
Sy ‘ 1‘1 1 Advanced Applicati
Ll - : N pplication
Hanyang University 40 4 w for Intelligence Systems
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Gaussian Random Variable - Projection

1 P
p<x>mD|Z|éexp(—§<x—u> )

Projection to any direction is Gaussian.
N(u,%)

po=w'p

Y =w'Sw \
. Ve
Ag‘r Advanced Application

o 4%
W ©El § i i AINZ
Hanyang University 41 {ELQL—[)J for Intelligence Systems

N (', %)

S—

Gaussian Random Variable — Marginal

X) = ! ex —lx— Ty 1(x—
P = b p(—px—m =)

D,
X = Xa Xa, 6 R /J — (/'La) 2 — Za Zab
Xp) xp, € RPv b Yba 2

\

1
Xa B

I\
(RN
1 \
1 \
1 1
I |
| /l
1
v,/
1

I
| p0ca) = [ pxax)dx

I
1
) - N(,ucm Za)

—u
5| ; ; ; ‘ | Jicr Advanced Application
Hanyang University 42 flbgﬂ—lﬁs for Intelligence Systems
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Gaussian Random Variable — Conditional
1

p(x)

o (0 0TS )

= e
NoTE:

X = (Xa> Xq € RDQ
X
b Xp € RDb

P(Xalx6) = N (ftajps Zajp)

_Ir Halb = Ha + Zabzb_l(xb - ,U'b)
|
L 2:a,|b = Xa — Eabzb_lzba

A‘
y (! Advanced Application

biil _I.A‘S) for Intelligence Systems

e —

Hanyang University 43 43

\

Gaussian Parameter Estimation and
Inference - Simple Example

« x € R” and y € R are jointly Gaussian.
* Using D = {x;,y;}Y ,, estimate

P | x| g S S P Sem
Hxy Yy Zxpxa Yixy,
where
(%)
X =
Xp .
* For a new datum x with missing xs,
Plylxa) = N (1, + Sym, Tx (%0 = fia),
o o aie
Sy — Sy 55 Sy )

y l‘l S Advanced Application

y
,ﬁi—_é-) for Intelligence Systems

P —

" . .
L) Hanyang University 44
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Parameter Estimation

.

SRy [ { y @
g2 Hanyang University 45 ;]_hf_gl_é\)'

Advanced Application
for Intelligence Systems

Motivation — Parameter Estimation

* Parameter estimation is an optimization problem

ﬁ(X): estimated probability density function,
in other words, density function that fits data the most

A;.
¢ Advanced Application

ST {
)| ' i INE
Hanyang University 46 . &@5 for Intelligence Systems
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Maximum Likelihood Estimation

* Parameter estimation is an optimization problem

p(x) = p(x|1, %)

AN

H, % = arg max p(x|u, X)
[
(=) Hanyang university 47 WAL fencesortiarer

Maximum Likelihood for Gaussian

1 1 Ty—1(y _
p(xu,Z)mD|Z|%exp(—§(x—u) )

* With optimal parameters satisfying

N
i, ¥ = arg max p(X|p, 3) = argmax [ [ p(xi|u, )
ey 2 729> i1
1 & A 1 a ~ ~\T
I PR

Empirical mean and empirical

covariance are the maximum likelihood ~ i
solutions. My
(=) Hanyang University 48 r|};‘1|_l (§ Advanced Application

y~ for Intelligence Systems
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Maximum Likelihood for Gaussian

p(x[p, ) = p (—%(X—M)TZ_l(X—u))

1
ex
NozSIE

[v@mp(xw)zﬁ ) J

)

S ,1‘7/&\! Advanced Application
LIRS 257 for Intelligence Systems

’ Hanyang University 49

Covariance Estimation
B Dt — =)

* In high-dimensional space

)\
)\

(D + 1)D/2 number of parameters for covariances

A;‘
L |l§r Advanced Application

74

5\’:%4’ i i i ,;1
N Hanyang University 50 !I_FLQ‘—_-)J for Intelligence Systems
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Maximum A Posteriori (MAP) Estimation

* MAP estimation

0* = arg mgxp(é’]X) ) §* = arg meaxp(X]H)

* Likelihood (Model): p(x|0)
e Prior: p(0)
e Bayes rule:

p(x|0)p(0

p(8lx) — PEIOPO)
p(x)

(&) ranyang Universiy 51 RIS e,

Maximum A Posteriori (MAP) Estimation for Gaussian

plaln) = s exp (5o = 10?)

Two

N

1= arg maXp(ulX) = arg maXHp i)
=1

* Let the prior

1 1
p(p) = N(po,08) = Jano? exp (—E(u = M0)2)
* The posterior can be calculated using

p(p| X) oc p(X|p)p Hp 2| p)p N (tn, 02)

& . . "I Advanced Application
W ©El N
Hanyang University 52 52 h lIA for Intelligence Systems
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Maximum A Posteriori (MAP) Estimation for Gaussian

o2 o
1
2
oc exp(—o— (1 — pn)”)
AT, 20—77 l’-.“
5 . . ! y ¢ Advanced Application
:_._4.:‘5_;: Hanyang University 33 fl_b_ﬂil —IAJS for Intelligence Systems

Maximum A Posteriori (MAP) Estimation for Gaussian

* Posterior density
1/ ,[N 1 1 110
x o (g (0[5t | - e X 1))

* Caution: Posterior of 4, not the density function of =

* MAPof £t = Meanofldt = Lup
B No2 n o2
lu‘n - NO_CQ) + 0_2 /’[’ML NO_(Q) _|_ 0_2 )U’O

P
£S5 ! ,‘I ¢ Advanced Application
W O § i i ANZ

Hanyang University >4 fh%l__éSJ for Intelligence Systems
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MLE vs. MAP
* For Gaussian
* When N is just a few (say N = 5),
o5 =5,0° =3
B 25 n 3
Hn = 55 L gHML ™ gy gHo
Dominant
5-3
= = 0.54
n T 954+3
@ renyang Universiy 55 AT worcetmoniaion
MLE vs. MAP
* For Gaussian
* When we have a few outliers
o5 = 5,0 =100
B 25 - n 100
Hn = 55 +100"™M* " 5.5 + 100M°
Dominant (learn from ) 140
5-100
Op = =4
25 + 100

56

L) Hanyang University

¢ Advanced Application

| W
I}Léil—!ég for Intelligence Systems

P —
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MLE vs. MAP

W o parap  HML
PG Ui 'A‘
5 zg% ; ; y ¢ Advanced Application
1"’*“:;?‘"/ Hanyang University >/ f‘l_bf.ﬂ‘—lésj for Intelligence Systems

Bayesian Integration

* The final standard method of prediction is to use
Bayesian inference instead of estimating the
parameter point.

* Do not insert the point estimate ﬁMAp directly, but
marginalize.

B 1 1 A 1 ,
= [ e (—ﬁ@ ) ) 557 (—R(u = ) ) i

B \/277(012 +02) o (_m(aj - 'u)2>

- ‘N(Nm o® + 0721)] Uncertainty of [
-

=

_féil‘_!_ég Advanced Application
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Conjugate Priors

* Given a likelihood pdf, p(z|0) posterior p(6|x)
has the same form as the prior p(8).

Likelihood P(|0)
Prior p(9) » Posterior p(9]:c)

\ Two distributions /

Have the same form

S—

(&) Hanyang niversity 59 AL e onicoer,
Conjugate Priors
Gaussian (Iu)
Gaussian » Gaussian (,LL)
Multinomial
Dirichlet » Dirichlet
Binomial
Beta » Beta
Poisson
Gamma » Gamma
1 Gaussian (0'2) 1
Gamma ()\ = ﬁ) » Gamma ()\ = ﬁ)
P o
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Kullback-Leibler Divergence

: Empirical density function
Pe

Do
KL(perg) - /pe log p—dX Po: Model density function
e

= — / [Pe log po — pe log pe| dx
ye = &Y d(x—xi)
N

1
arg min K L(p.||pe) = arg min —/ — E d(x—x;) log pg(x) dx
Po Pé N —
N

1
=a ax — lo i
rgmax - ; g po(xi)
N
= argmax log | | ps(x;) = argmax p(D|0)
Peo ;:‘1‘ Do
&) Hanyang universit o1 ALLS S
Kullback-Leibler Divergence
po, = p(x|01)

oz
O
Il
—_
1

d

>

X

N

X3 X1 X4 X2 X5 . peo, = p(x|02)
KL Divergence: KL(perel) < KL(pe||p92)
Likelihood: p(Dl61) > p(D|62)
2 AL e s

(=) Hanyang University
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Kullback-Leibler Divergence

Do, :p(x|91)
1 N

u RSN

X3 X1 X4 X2 Xr \

Po, = p(x03)
JUM

05 = arg m@axp(DW)

Model with complex function will capture the noise.

"q
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Thank you

Yung-Kyun Noh
nohyung@hanyang.ac.kr
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